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13.

14.

15.

(a)

(b)

(a)

(b)

(a)

If K is a field and if &,,0,,..,0, are distinct
automorphisms of K, prove that it is
impossible to find elements a,,qa,,..a,

not all. 0, in K such  that
a,0,(u) +a,o,()+...+a,0,(u)=0 for all
uek.

Or

If K=C and F=R, find G(K,F) and the
fixed filed of G(K, F).

Let F be a finite field with of elements and
suppose that F c K where K is also a

finite field. Prove that K has ¢" elements
where n=[K : f].

Or

For every prime number p and every
positive integer m , prove that there exists a
filed having p™ elements.
Let C be the field of complex numbers and
suppose that the division ring D is algebraic
over C. Prove that D=C.

Or
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(b) Let & be the division ring of real
quaternions. If x€@, define N(x) and
show that for all x,7eQ,

N(xy)=N(x)N(y).
PART C — (5 x 8 = 40 marks)
Answer ALL questions, choosing either (a) or (b).

16. (a) If L is a finite extension of K and if K is a
finite extension of F, prove that L is a finite
extension of Fand [L: F]=[L:K][K: F].

Or

(b) Prove that the. element a e K is algebraic
over F if and only if F(a) is a finite
extension of F.

17. (a) Prove that a polynomial of degree n over a
field can have at most n roots in any
extension field.

Or
) If a,a,,..,a, are algebraic over F, prove
that there is an element ¢ € F(a,,a,,...a,)
such that F(c) = F(a,,a,,...a,).
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18.

19.

20.

(a)

(b)

(a)

(b)

(a)

(b)

If K is the splitting field of some polynomial
over F, prove that K is a normal extension of
F.

Or

State and prove the fundamental theorem of
Galois theory.

After proving the necessary lemmas, prove
that the multiplicative group of non zero
elements of a finite field is cyclic.

Or

Prove that a finite division ring is
necessarily a commutative field.

State and prove Frofenius theorem.

Or

State and prove the left — division algorithm
in the Hurwitz ring of integral quaternions.
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