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M.Se. (CBCS) DEGREE EXAMINATION, APRIL 2019,
Fourth Semester
Mathematics — Core
FUNCTIONAL ANALYSIS
(For those wha joined in July 2017 onwards)
Time : Three hours Maximum : 75 marks
PART A — (10 x 1= 10 marks)

Answer ALL questions,

Choose the correct answer ;

1. T is a bounded linear transformation if for every
x and k20 st
) [T <k (B T € kx
() )]s kx| (d) [T <=
2. ] =) - -
(@) s b) =
(c) < {dy =

_CII‘

Forevery @ in N*, F, (f)=
(a) F.laf) (b)  (aF ()
() F (Fla) (d) (xF (N

If X is a compaet Hausdorff space, than @ (X)) 1s
reflexive if and only if

{(a) X isan infinite set

(b) X is a finite set

fey X isa bounded set

(d) X is not empty

If S 18 a non-empty subset of a Hilbert space than
{Eﬂ S_:. = SJ. fb]' SJ.J = SJ_LJ.

I:{:} SJ. al S;-.l td} S-u.'. o S-L

If {e;} is on orthonormal set in a Hilbert space H
then Z|{:u:.».=£}|2 £||1.|E'J for every x e H is called
(a) Schwarz inequality

(b)Y Bassel's inequality

{e)  Triangle inequality

{d) Spectral inequality
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10.

L]
Let {e,} be an orthonormal set in a Hilbert space

H . Then {e;) is complete is equivalent to
fa) xlfie}=x=0

(b) If x is an arbiteary vector is K then
x=XZxe)e

{c) Both {a) and (b) are equivalent
() Neither (a) nor (b} is true

Let H be a Hilbert space and T'* be adjoint of
the operator T which one of the following is true

(8 (aTY=al™* by (efy=gh*
© (GI*=0*1 @ |7er|=|7])-

If N is a normal operator on H then ".-"»""" =
(@ 1 (b) 0
© [ @ |z

If P is a projection on a Hilbert space H, Then
one of the following is false

(a) P is a positive operator on Hf
(b) |Px|<|x| forevery xe H
© [P]s1

(d) None of them is true
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(a)

(b)

(a)

(b)
(a)

(b}

PART B — (5 X b = 25 marks)

Answer ALL questions, choosing either (a) or (b)

If M is a closed linenr subspace of a normed
linear space N and x, is a vector not in M,

then prove that there exists a functional f,
in N * such that f,(m)=0 and f,(x) 2 0.

Oy

Let T be a linear transformation of a normal
linear space N into N*. Prove that T is
continuous if and enly if it iz bounded.

If P is a projection on a Banach space B
and if M and N are its range and null
apace, then show that M and N are closed
linear subspaces of B suchthat B=M & N.

Or

State and prove closed graph theorem.

State and prove the uniform boundedness
thecrem,

Or

Show that a closed convex set O of a Hilbert
space H contains a umque vector of smallest
norm.
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15.

(a)

(b)

(a)

(b)

Show that 0% = and * =1, Use the later
to show that if 7' is non-singular, then T'*
is also non-singular and that in this case

{Tw]ul = [T-I}* X
Or

Prove that the adjoint operator T' = T'* on

h (H) has the following properties

i) (T T T AT

@ |rr7|=I7F.

If T is an operator on A then show that T
is normal if and only if its real and

imaginary parts commute,
Or

If 7 is normal, then prove that x is on eigen
vector of T with eigen value A if and only if
x is an eigen vector of T'* with eigen value

A
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18.

PART C — (5 = 8 = 40 marks)

Answer ALL questions, choosing either (a) or (b).

(a)

(a)

(b)

Let M be a closed linear subspace of a
" : R L N :

normed linear space N . Prove that Kw is

a normed linear space. Also prove that if N

. ® .h..'

is a Banach space then so is ./M !

Or
State and prove Hahn-Banach theorem.

State and prove open mapping theorem.
Or

If N is a normed linear space, then show
that the closed unit sphere S* and N* is a
compact Hausdorff space in the weak =
Eopology.
If B is a complex Banach space whose
norms obeys the parallelogram law and if
an inner product 15 defined by
4 (' S + | T
d<xy>=|x+y] =[xy +ix+ n}-ﬂ* il 4y
then prove that B is a Hilbert space.
Or

Let M and N be closed linear subspaces of
a Hilbert space H, If M L N then show

" that the linear sub space M + N is closed

and also prove that H =M @ M*.
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20,

(a)

let H be a Hilbert space and let [ be an

arbitrary functional in # *, Then show that
there exists a unique vector y in H such

that f(x) =< x,y > for every vector » in H.

Or

(b) Prove that the self-adjoint operators

(a)

n h{H} from a closed real linear subspace

of h (H) and therefore a real Banach space
which contains the identify transformation,

Let T be an operator on H and prove the
following

(i} T issingular (2) 0 e o(T)

(i) If T is non-singular, then 4 e o(T) if
and only if 7' ea(T™)

(iiy If A is  non-singular  then

a(ATA™) = a(T)

(iv) If T% =0 for some positive integer K,
then o(T) = {0}.

Or
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(b)

()

(i)

[f N, and N, are normal operators on

H with the property that either
commutes with the adjoint of the other,
then show that N, + N, and N\ N, are

normal,

An operator T' on H is normal if and

only if [7"* xf| = [Tx| for every x.
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