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PART A — (6 x 5 = 25 marks)
Answer ALL questions, choosing either (a) or (b).
1. (a) If ¢ is a complex homomorphism on a complex
algebra A with unit e. Prove thatg(e)=1, and
¢(x)=0 for every invertible xc A.
Or
(b) Suppose A is a Banach algebra, xeG(A)

heA, [n|< %"x‘lﬂ-] . Prove that x +he G(4),

and U(x + h)_l g hx'1" <2< U:r_lnal[h”z.

2.

(a) Suppose A is a Banach algebra, Q is open in
C, feH(Q), and f is one-to-one in Q. Prove

that f is a diffeomorphism of Aq onto A (q).

Or

(b) Suppose A is a commutative Banach algebra.
Prove that

(i) The Gelfand transform is an isometry for
every x€ A, if and only if "le[=||x]|2 for
every xe A.

(i) A is semisimple and A is closed in C(A)
if and only if there exists k<w such

that ”xQH < K";\:"2 for every xe A.

(a) If the Banach algebra A is commutative and
semisimple, then prove that every involution

on A is continuous.
Or ’

(b) Suppose A is a B*-algebra, B is a closed
subalgebra of A, ec B, and x*e B for every
xeB. Prove that o,(x)=op(x) for every

xeB.
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(b)

5. (a)

(b)

If TeB(H) and if (Tx,x)=0 for every
xe H.Prove that T =0.
Or

Prove that every nonempty closed convex set
E c H contains a unique x of minimal norm,

Prove that every positive T e B(H) has a
unique positive square root S e B (H).
Or

If Ais a B*-algebra and ifze A, prove that
the positive functional F on A such that

Fle)=1 and F(zz "‘)=]|z|l2.

PART B — (5 x 10 = 50 marks)

Answer ALL questions, choosing either (a) or (b).

bty (8

Suppose A is a Banach algebra, xe 4, x| <1.

Prove that
(1) e-x isinvertible,
2

@ [o-r e

| »
(iii) |¢(x] <1 for every complex

homomorphism ¢ on A.

Or
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(b)

(a)

Suppose x€ A,y and fe H(Q). Prove that

G) f(x) is invertible in A if and only if

f(2)#0 forevery Aco(x).
@ olf @)=rlw).

State and prove the inverse function theorem.

Suppose fi,....... f EA(U"‘J, and suppose that

to each xeU" there corresponds at least
one ¢ such thatf,#0. Prove that the

functions  @y,......¢8 EA( ”) such  that
ﬁ (2, @)+ ...+ £, () (2)=1..

Prove that suppose A is a commutative
Banach algebra with an involution, xe A,
x=x* and of(x) contains no real A with

A<0. Prove that yeA with y=»* and
L]

ye=x,

Or
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s (b) Every ‘B*—a]gebra A has the following ¢ (b) If Ais a B*-algebra, prove that an isometric
properties; *.isomorphism of A onto a closed subalgebra of

5 (i) Hermitian elements have real spectra. .' B(H), where H is a suitably chosen Hilbert

(i) If xe A is normal, then plx)=|x. space.

(i) If ye A then p(y*)=|o[".

(v) If ueAveA, u=20 and vz20, then
u+vz0.

(v) If ye A, then yy*=0.

(vi) If ye A, then e+ yy *is invertible in A.

9. (a) State and prove Fuglede-Putnam-Rosenblum.

Or

(b) If TeB(H) and T is normal, Prove that the

unique resolution of the identity E on the
Borel subsets of o (T) which satisfies

T= L(T).ldE(A).

10. (a) Suppose T € B(H). Prove that

i) (Tx, x)20 for every xe H if and only if .
i) T=T* and o(T)c (0, ).

Or
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