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M.Sc. (CBCS) DEGREE EXAMINATION, APRIL 2021. 

Fourth Semester 

Mathematics — Core  

FUNCTIONAL ANALYSIS 

(For those who joined in July 2017 onwards) 

Time : Three hours Maximum : 75 marks  

PART A — (10 × 1 = 10 marks) 

Answer ALL questions.  

Choose the correct answer. 

1. T is a bounded linear transformation if for every x 
and 0≥k  such that 

 (a) ( ) kxT ≤   (b) ( ) kxxT ≤  

 (c) ( ) xkxT ≤  (d) ( ) ∞<xT  

2. Let N be a normed linear space and ∈yx, . Then 

 (a) 0>+ yx  (b) 0<x  

 (c) 0≤x   (d) 0≤−−+ yxyx  
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3. If N is a normed linear space of dimension n then 
* has dimension 

 (a) n   (b) n – 1 

 (c) n – 2   (d) n – 3 

4. For every ζ  in N*, ( )fF xα  = 

 (a) ( )fFx α   (b) ( )( )fFxα  

 (c) ( )( )αfFx   (d) ( )( )fxFα  

5. A ___________ is a complex Banach space whose 
normarises from an inner product. 

 (a) Hilbert space (b) Banach space 

 (c) Boolean Algebra (d) None of these 

6. Let H be a Hilbert Space then ⊥H  

 (a) {0}   (b) 1 

 (c) 0   (d) {1} 

7. Let { }ie  be a complete orthonormal set in a Hilbert 

Space H, and let x be an arbitrary vector in H. 
{ }iex,  are called ___________ of x. 

 (a) Fourier expansion (b) Fourier Coefficient 

 (c) Parsaval’s identity (d) None of these 
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8. An operator T on H for which xxTx ∀= 0,  then 

 (a) T = I   (b) T = 0 

 (c) T # I   (d) T # 0 

9. If P is a projection on M then ⇔∈ Mx  

 (a) xPx =   (b) xPx =  

 (c) xPx =   (d) None of these 

10. If N is normal and α  is any scalar then α N is 

 (a) self adjoint (b) normal  

 (c) unitary  (d) none of these 

PART B — (5 × 5 = 25 marks) 

Answer ALL questions, choosing either (a) or (b).   

11. (a) Let N and N' be normed linear spaces and T 

be a linear transformation of N into N'. Show 
that the following conditions are equivalent. 

(i) T is continuous (ii) T is continuous at the 

origin. (iii)  ∃ a real number 0≥k , with the 

property that NxxkTx ∈∀≤ . 

Or 
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 (b) Prove that if N is a normed linear space and 

0x  is a nonzero vector in N, then there exists 

functional 0f  in *N  such that ( ) 000 xxf =  & 

10 =f . 

12. (a) State and prove closed graph theorem. 

Or 

 (b) Let if P is a projection on a Banach space B 
and if M and N are its range and null space 
respectively then prove than M and N are 
closed linear subspaces of B such that 

NMB ⊕= . 

13. (a) State and prove Uniform boundedness 
theorem. 

Or 

 (b) If M and N are closed linear subspaces of a 
Hilbert space H such that NM ⊥  then prove 
that M + N is closed. 

14. (a) For the adjoint operation *TT →  on B(H), 

prove that (i)  
2* TTT =  (ii)  TT =* . 

Or  

[P.T.O.]
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 (b) Let H be a Hilbert space of f be an arbitrary 

functional in *H . Show that there exists a 
unique vector y in H such that ( ) ( )yxxf ,=  for 

every x in H. 

15. (a) If 1N and 2N  are normal operators on H with 

the property that either commutes with the 
adjoint of the other, show that 21 NN +  and 

21NN  are normal. 

Or 

 (b) Show that a closed linear subspace M of H is 
invariant under an operator T if and only if 

⊥M  is invariant under *T . 

PART C — (5 × 8 = 40 marks) 

Answer ALL questions, choosing either (a) or (b).   

16. (a) State and prove Hahn Banach Theorem. 

Or 

 (b) Let M be a closed linear subset of a normed 

linear space N. Prove that 
M
N

 is a normed 

linear space. If N is a Banach space prove that 

M
N

 is also a Banace space. 
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17. (a) State and prove Open mapping theorem. 

Or 

 (b) If N is a normed linear space then prove that 

the closed unit sphere { }1:** ≤∈= fNfS  in 

*N  is a compact Hausdorff in the weak * 

topology. 

18. (a) Define a convex set. Prove that a convex 

subset C of a Hilbert space H contains a 

unique vector of smallest norm. 

Or 

 (b) If M is a closed linear subspace of a Hilbert 

space H, then prove that 1−⊕= MMH . 

19. (a) Prove the following with usual notations : 

(i) 
2** TTTTT == . 

(ii) If T is nonsingular, then ( ) ( )*11* −−
= TT  

(iii) ( ) *
2

*
1

*
21 TTTT βαβα +=+ . 

Or 

 (b) State and prove Bessel’s inequality. 
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20. (a) Let T be an operator on H. Prove. (i) If A is 

nonsingular, then ( ) ( )TATA σσ =−1 , (ii)  If 

( )Tσλ ∈  and P is any polynomial, then 

( ) ( )TPP σλ ∈ , (iii) If 0=kT  for some positive 

integer k, then ( ) { }0=Tσ . 

Or 

 (b) If nPPP ....,,, 21  are projections on the closed 

linear spaces nMMM ...,,, 21  respectively, 

then nPPPP +++= ....21  is a projection if and 

only if iP ’s are pairwise orthogonal. 

——————— 

 


