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SECTION A — (10 % 1 = 10 marks)
Answer ALL the questions.

Choose the correct answer

[f F iz a field, the number of ideals of F is
{a) 1 b)) 2
{¢) atleast 2 (dy 0

The homomorphism ¢ of R into R' is an
isomorphsim if and only if

(a) Ig)=(0) () I(g) is an ideal of B
© IHg)=(0) @ I¢)=R

.

[f # is a prime element in the Euclidean ring R
and o e R then

(ak [;r,ﬂ]=1

{bY alnr

(c) If =fa then (z,a)=1
(d} If #/a then (r,a)=1

A solution of x* m -1(mod13) is

a) 6 ib) &
(c) 3 (d) 2

The degree of 5+ 72 +4x' +11x° over the integers
mod 11 is

(a) 4 b 5
(R (d) 2

Which one of the following is not true?

{a) A Euclidean ring is a unigue factorization
domain

(b1 A Euclidean ring is a prinecipal ideal ring

(© If F isa field, F[x, x,] is a principal ideal
ring

(d) If R is an integral domain then so is Rlx]
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10.

IfR=Z the ring of integers then rad R is
(a) Z

b (0)

(¢) (P) for same prime number P

(dy 2Z

The relation between rad R and Rad R is
(a) Rad R=rad R

(hy Rad Rgrad R

(¢) rad Rg Rad R

{d) They are not comparable

A ring R is isomorphic to a sub direct sum of

integral domains if and only if

(a) R issemisimple

(b) R is without prime radical
(¢) R isa ring without identify

(d} R isacommutative ring

For any commutative regular ring R, J(R) is

(@) ¢ ) o
ey R {(d) the centre of K
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13.

(a)

(b}

(a)

(b}

(b)

SECTION 3 — (5 % 6 = 26 marks)

Answer ALL questions, choosing either (a) or (b).

If U¥ are ideals of R, let
U+V=lu+vinel veV} Prove that U+V
is also an ideal.

Or

Let R be a commutative ring with unit
element whose only ideals are (O)and R

itself. Prove that R is a field,

Let R be a Euclidean ring. Prove that any
two elements o and b in R have a greatest
common division and d=4a+ub for same

Aue R,

Or
Prove that J[i] is a Euclidean ring.
If f(x)glx) are two new zero elements of
flx], prove that deg(f(x) g(x))=deg f(x)+
deg g{a:}.

Or
State and prove Gauss's lemma.
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14, (a)
(b}
15, {(a)
(b}

Let # be a principal ideal domain. Prove
that R iz semi simple if and only if R is
either a field on has an infinite number of
maximal ideals.

Or

For any ring R, prove that the quotient ring
R/ Rad R is without prime radical,

Prove that an element a of the ring R is quasi
regular if and only if there exists some be R
such that a+b-ab=10.

Or

[et R be a ring containing no non zero nil
ideals. Prove that R 1s isomorphic to a sub
direct sum of integral domain.

SECTION C — (5 x 8 = 40 marks)

Answer ALL questions, choosing either (a) or (b).

16. (&)

(b}

If U is an ideal of the ring R, prove that
RIU is aring and is a homomorsphic image
or M.

Or

Prove that every integral domain can be
imbedded in a field.
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17." (a)
(b)
18. (a)
(b)
19. (a)
(b)

Prove that the ideal A =(g,) is a maximal
ideal of the Euclidean ving R if and only if
a, is a prime element or R.

Or

After proving the necessary lemmas, prove
that if p is a prime number of the form

dn+1, then p=a®+b° for some integer a,b.

State and prove the Eisenstein criterion.

Or
If B 'is a unique factorization domain, prove
that R[x] is also a unique factorization
domain,

If I is an ideal of the ring R, prove that

rad R+ T

(1) md{R i1 } = and

{
(i) whenever I crad R, r-adt-?] =
(rad R)/1 .

Or

Define a primary ring. Prove that a ring R is
a primary ring if and only if A has a
minimal prime ideal which contains all zero
divisions,
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90. (a) Prove that a ring R is isomorphic to a sub
direct sum of ring Ri, if and only if R
contains a collection of ideals {Ii} such that

R/I= R, and () I, =(0),

Or

(b) Prove that every ring R is isomorphic to a
sub direct of sum of sub directly irreducible

rings.
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